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ABSTRACT
Motivated by the recent work on critical gravity theories in dimensions D ≥ 4, we re-
examine the results in [11], where the conformal mass definition of Ashtekar, Magnon and
Das (AMD) for asymptotically AdS space-times was generalized to incorporate curvature-
squared terms. The results in [11] appear to contradict the findings in critical gravity,
where, using the methods of Deser and Tekin, black holes were shown to have zero mass.
We show that after correcting an error in [11], the AMD approach actually produces results
in complete agreement with those obtained by using the methods of Deser and Tekin.
1 Introduction
Recently, critical gravities in four dimensions [1] and general D dimensions [2] were discov-
ered. These are extended Einstein gravities with quadratic curvature terms. In general such
a theory contains additional massive spin-2 and spin-0 modes as well as the usual massless
spin-2 graviton. For appropriately chosen parameters, the theory becomes critical such that
the massive scalar is eliminated and the massive spin-2 mode becomes massless. The theory
may become ghost-free since the remaining massless spin-2 mode can be shown to have zero
rather than negative energy at the critical point. A further important check is to examine
whether black holes in these theories may develop negative energy, as could be the case for
the BTZ black hole in generic cosmological topologically massive gravity [3, ?]. Using the
procedure [4] developed by Deser-Tekin, it was shown that the AdS-Schwarzschild black
holes indeed have non-negative mass. In fact, the mass vanishes at the critical points.
The procedure developed in [4] is a generalization of the Abbott-Deser mass [5] for grav-
ities with quadratic curvature terms. The Abbott-Deser formalism is robust for calculating
masses of black holes in theories that do not have scalar potentials. It was demonstrated
in [6] that for AdS rotating black holes in various gauged supergravities with nontrivial
scalar potentials, there is not a suitable boundary condition for obtaining the mass. This is
because for rotating AdS black holes, the asymptotic metrics can be expressed in different
rotating frames, leading to ambiguity in defining the boundary condition. For example, the
general Kerr-AdS black holes [7] have one mass parameter and multiple rotating parame-
ters. The metric becomes AdS by just setting the mass parameter to zero, with or without
setting the rotating parameters to zero. This implies that a careful choice of the boundary
condition has to be selected in order to obtain the right answer. For theories with scalar po-
tentials, the problem exacerbates. In [8], it was pointed out by Ashtekar and Magnon that
the problem of imprecise boundary condition can be avoided by using Penrose’s conformal
techniques [9]. Their prescription on the conserved quantities was revisited by Ashtekar and
Das in [10]. Indeed it was shown in [6] that the masses obtained in Ashtekar-Magnon-Das
(AMD) for all known AdS black holes in various gauged supergravities satisfy the first law
of thermodynamics.
In [11] the AMD method was generalized for extended gravities with higher curvature
terms, and the mass formulas in f(R) and quadratic gravities were derived explicitly. For
the four-dimensional theory considered in [1], the spherically-symmetric solution is the usual
AdS-Schwarzschild black hole. Using the formula in [11], we find that the mass would be
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given by
M =
(
1 + 4Λ(
2
3
α˜+ 2β˜)
)
m0 , (1)
instead of the mass given in [4, 1], namely
M =
(
1 + 2Λ(α˜ + 4β˜)
)
m0 . (2)
Here we adopt the notation of [1] for the parameters, by putting a tilde on both α and β, to
distinguish the notations in [11]. At the critical point, α˜ = −3β˜ and 2β˜Λ = −1, the mass
obtained in (1) is m0 rather than zero, as dictated by (2). It is thus important to determine
the precise mass formula so that one can be sure whether critical gravities indeed imply the
vanishing of black hole mass.
In the next section, we resolve the discrepancy by showing that there is an error in the
derivation of the mass formula in [11]. We obtain the correct formula and show that it does
confirm that the black hole mass of critical gravities vanishes identically.
2 The correct results
The AMD conserved quantities are extracted from the leading fall off of the electric part
of Weyl tensor. The fall off rate of the curvature is weight by a smooth function Ω (the
conformal boundary B is defined at Ω = 0), for the detailed requirement of Ω the reader
is referred to [8, 10]. Here we only mention some necessary points. For n-dimensional
asymptotic AdS space-time (n ≥ 4), on the boundary B
gˆab = Ω
2gab, (3)
Ω = 0, nˆa = ∇ˆaΩ 6= 0, (4)
nˆanˆ
a =
1
l2
, ∇ˆanˆb = 0, (5)
and near the B
Rabcd → − 1
l2
(gacgbd − gadgbc), (6)
Tab → Ωn−2τab, (7)
Cabcd → Ωn−5Kabcd, (8)
where gab is physical metric, the quantities with “hat” is referred to the conformal metric
gˆab, Tab is the energy momentum tensor. As first noticed in [11], Eq. (2.4) is required in
quadratic gravity to ensure that the metric solving equations of motion is indeed asymp-
totically AdS. In Einstein gravity as discussed by [8, 10], Eq. (2.4) is implied by Einstein
equation and Eqs. (2.5) and (2.6).
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For any gravitational theories with the following equations
Eab = 8πG(n)Tab, (9)
one can obtain
Ω−(n−3)(∇[ePa]b)nˆenˆbξa = n−22l2 8πG(n)τabnˆbξa +O(Ω), (10)
with
Pab = Eab − 1n−1gabEcdgcd. (11)
In general, the leading fall off of ∇[ePa]bnˆenˆbξa is at the order of Ωn−3 and can be expressed
as − (n−2)2(n−3)Ξ∇ˆc(Keabcnˆenˆbξa)Ωn−3. Then conserved quantities related to the Killing vector
ξa can be defined when τab vanished on the boundary as
Qξ[C] = −
lΞ
8πG(n)(n− 3)
∫
C
dSˆa(n−2)Eˆabξb, Eˆab ≡ l2Keafbnˆenˆf , (12)
where C is a n− 2 dimensional spherical cross section on B.
Consider the quadratic curvature theories with Lagrangian
L(gab, Rabcd) = −2Λ +R+ αLGB + βR2 + γRabRab. (13)
Note that here we follow the same parameter notations as in [11]. Pab is given by
Pab = − 1n−1gabΛ+ rab + n−22n(n−1)gabR+ αP
(α)
ab + βP
(β)
ab + γP
(γ)
ab , (14)
where rab ≡ Rab − 1ngabR is the traceless part of the Ricci tensor.
P
(α)
ab =
2(n−3)(n−4)
n(n−1) Rrab +
(n−2)(n−3)(n−4)
2n2(n−1)2
gabR
2 − 4(n−3)(n−4)
(n−2)2
racr
c
b +
2(n−3)(n−4)
(n−1)(n−2)2
gabr
2
− 4(n−4)
n−2 Cacbdr
cd + 2CacdfCb
cdf − 32(n−1)gabC2, (15)
P
(β)
ab = 2Rrab +
n−4
2n(n−1)gabR
2 − 2∇a∇bR, (16)
P
(γ)
ab =
3n−4
n(n−1)Rrab +
n−4
2n2(n−1)
gabR
2 + n−4
n−2racr
c
b − n−42(n−1)(n−2)gabr2 + Cacbdrcd
− n2(n−1)∇a∇bR+ n−2n−3∇c∇dCacbd, (17)
where some abbreviations are adopted r2 = rabr
ab, C2 = CabcdC
abcd. We derive above re-
sults independently and find that they coincide with those in [11]. Based on these equations,
one can compute the leading fall off in ∇[ePa]b near the boundary
∇[ePa]b → Ωn−3
{[
− n− 2
2(n− 3) +
1
ℓ2
(
α(n − 2)(n − 4) + βn(n− 1)(n − 2)
(n− 3)
+ γ
(n− 2)(3n − 4)
2(n− 3)
)]
∇ˆcKeabc + γ
n− 2
n− 3
[
(n− 1)nˆ[eSa]b − gˆb[eSa]f nˆf
]}
, (18)
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where Sab ≡ ∇ˆc(Kacbd + Kbcad)nˆd. The last term in above expressions proportional to γ
comes from the second derivative of Weyl tensor in (2.15). It is at this term, a mistake
happens in the calculation of [11]. Finally, we present the correct formula for the conserved
quantities
Qξ[C] = − Ξℓ
8πG(n)(n − 3)
∫
C
dxn−2
√
σˆEˆabξaNˆ b, (19)
with
Ξ = 1 +R0
[
2α
(n − 3)(n − 4)
n(n− 1) + 2β +
2γ
n
]
, R0 = −n(n− 1)
l2
. (20)
This prefactor agrees precisely with the mass formula in [1, 2] (after changing the parameter
notation appropriately), and thus confirms that black hole mass of critical extended gravities
vanishes.
3 Conclusion
In this note, we correct a mistake in [11] which generalizes the AMD mass formula for
extended gravities with quadratic curvature terms. The correct formula agrees with the
Deser-Tekin mass. This hence confirms that the AdS black holes of recently discovered
critical gravities have zero mass.
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